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Introduction Small-World Networks
Models on Small-World Networks
Aim: Investigate the Collective Behavior

Poissonian Small-World Networks

@ Given an arbitrary graph (Lo, o) with N sites,
@ We add L = &N bonds uniformly over £g
@ = added connectivity Poisson distributed with mean c.
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Introduction Small-World Networks
Models on Small-World Networks
Aim: Investigate the Collective Behavior

Example (Lo, o) = Square Lattice
N=64,L=6=c=12/64 ~0.19

N
- 0
,/

with c=Const
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Introduction Small-World Networks
Models on Small-World Networks
Aim: Investigate the Collective Behavior

Basic properties of a Small-World Network

@ for any finite ¢ > 0 effectively d(N) — oo and we have a
short-distance behavior /(N) ~ log(N), as in random
networks,

@ large clustering coefficient, C(N) ~ O(1), as in regular
lattices.

@ = Small-World Networks represent an interesting interplay
between finite and infinite dimensional networks!
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Introduction Small-World Networks
Models on Small-World Networks
Aim: Investigate the Collective Behavior

Definition of the Model

Ho — Hc

@ Let us consider an Ising Model defined over (L, o)

Hy = —Jo Z oioj—h Z oj, The Pure Model, (1)
(i)€lo ieLo
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Introduction Small-World Networks
Models on Small-World Networks
Aim: Investigate the Collective Behavior

Definition of the Model

Ho — Hc

@ Let us consider an Ising Model defined over (L, o)

Ho = -y Z ojoj—h Z oj, The Pure Model, (1)
(i.)€Emo i€Lo
@ given any realization ¢ of the small-world graph whose
random bonds are determined by the adjacency matrix

elements ¢;; = 0,1, we define the corresponding
small-world model

Hey = Ho — Y _ CjJjojoj, The Small — World Model  (2)
i<j
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Introduction Small-World Networks
Models on Small-World Networks
Aim: Investigate the Collective Behavior

We want
F phase

@ the magnetizations (F Order Parameter)
m® =Ta) = 3 Ple) [ P () (e )
c
@ and the correlation functions

o =To = S P(e) [ dP () (oopess @)

@ where (-)¢ g is the Boltzmann-average with the quenched
graph ¢ and the quenched couplings J.
¢ and J distributed according to P(c) and dP (J) where ...

M. Ostilli Exact results and new insights for Models defined over Small-Wo



Introduction Small-World Networks
Models on Small-World Networks
Aim: Investigate the Collective Behavior

dP @)= T du(di). [ dn(hy) =1, (5)

(1)<
with
dp = arbitrary measure (6)
Pe)= ][ rlcy), D> plcj) =1, (7)
(i.f)i<i ¢ j=0,1
with
(o} c
p(cy) = 10yt + (1= 55) day00 ®)
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Introduction Small-World Networks
Models on Small-World Networks
Aim: Investigate the Collective Behavior

Similarly we want
SG phase

@ the quadratic “magnetizations” (SG Order Parameter)
ms9) = (52 = 3" P(c) / dP (J) (012, ©)
c
@ the quadratic correlation functions

C89 = mg2 = Y P(e) [ dP () (or02y.  (10)

M. Ostilli Exact results and new insights for Models defined over Small-Wo



Introduction Small-World Networks
Models on Small-World Networks
Aim: Investigate the Collective Behavior

In Disordered Systems typically one expects ...

T([X])

SG

- [X]
Disorder Parameters
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The “Traditional” Methods

The Cavity and the Replica Methods

@ Cavity and Replica Methods (Parisi, Mezard, Zecchina, ...)
are the most important analytical tools to analyze
disordered models, especially when frustration is important
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The “Traditional” Methods

The Cavity and the Replica Methods

@ Cavity and Replica Methods (Parisi, Mezard, Zecchina, ...)
are the most important analytical tools to analyze
disordered models, especially when frustration is important

@ These methods allow in particular to investigate the
system exactly at temperatures lower than T,

@ However, a necessary condition to apply the Caivity and
Replica Methods is that the graph be tree-like; we are not
able to apply them when loops are present. Perturbative
approaches exist (Chertkov and Chernyak), but in our case
when dy > 2 loops are massively present! No way to face
the model with these methods!
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An Effective Field Theory
Two Clear Examples
Our Method The Dual Phase Transition Scenario

An Effective Field Theory

The Self-Consistent Equation

@ Suppose to know mg of Hy as a function of gJy and gh:
mo(8Jo, Bh)
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An Effective Field Theory
Two Clear Examples
Our Method The Dual Phase Transition Scenario

An Effective Field Theory

The Self-Consistent Equation

@ Suppose to know mg of Hy as a function of gJy and gh:
mg(Bdo, Bh)
@ make the substitution: h — JEm®) + h

mo(Bdo, BJSEIm®) + gh), (11)

where the Effective Coupling gJ®) is

8JE) — ¢ / dyu(J) tanh(3J), (12)
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Two Clear Examples
Our Method The Dual Phase Transition Scenario

An Effective Field Theory

Order Parameters and T,

@ And now consider the following Self-Consistent Equation

m® = my(8do, BISFIm® + h). (13)
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An Effective Field Theory

Order Parameters and T,

@ And now consider the following Self-Consistent Equation
m®) = my(Bdo, BJFm®) + gh). (13)

@ It is possible to show that Eq. (13) is exact in P and on its
boundary =
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An Effective Field Theory

Order Parameters and T,

@ And now consider the following Self-Consistent Equation
m®) = my(Bdo, BJFm®) + gh). (13)

@ It is possible to show that Eq. (13) is exact in P and on its
boundary =

@ We have an exact way to calculate T,
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An Effective Field Theory

Correlation functions

@ Once we know m(®), if we know Co(Bdy, Bh) = (5a})o We
have (rule: h — JEmE) 4 p)

CP) = Co(Bdp, BT m®) + ) + O (/1/) )
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An Effective Field Theory

Correlation functions

@ Once we know m(®), if we know Co(Bdy, Bh) = (5a})o We
have (rule: h — JEm®) + h)

CP) = Co(Bdp, BT m®) + ) + O </1v> )

@ ltis possible to show that Eq. (14) is exact in P and on its
boundary =
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An Effective Field Theory

Correlation functions

@ Once we know m(®), if we know Co(Bdy, Bh) = (5a})o We
have (rule: h — JEm®) + h)

1
O = G 3 o) + 0 () (14)

@ ltis possible to show that Eq. (14) is exact in P and on its

boundary =
@ Since in P m®) = 0 we know exactly that for N — oo and

h =0 we have C(F) — Cy(Jp,0):

= in the P region Pure Model and Small-World Model are

indistinguishable!
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An Effective Field Theory

Level of accuracy

@ If frustration is not too high, the theory is exact at any T in
the limit ¢ — 0™ and ¢ — oo.

@ In any case the theory provides sensible estimations for
magnetizations and the correlation functions at any T.

@ Considering that we know exactly where the order
parameters are not zero this is not a little result!
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An Effective Field Theory
Two Clear Examples
Our Method The Dual Phase Transition Scenario

dp = 0, The Simplest Example: The Viana-Bray model

@ Here Jy = 0 = this model can be seenasa dy =0
small-world model.
@ The solution of the Pure Model is very simple

mO(Ovﬂh) = tanh(ﬁh)a (15)
@ = the s.-c. Eq. gives (recall the rule h — JHm®) + h)
m® = tanh [ﬁJ(F)m(F) n ﬂh} , (16)

@ = Classical Mean-Field critical behavior
@ In particular from Eq. (16) it follows the critical surface
(stability analysis with h = 0)

BEJE =1, or, explicitly : ¢ / du(J)tanh(88)Y) = 1.(17)
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The One Dimensional Chain

Self-consistent equation

@ Here dy = 1, the solution of the Pure Model still simple

O aj
o8, B) = ensinh(oh) (g

(e sinn?(3h) + 24

@ then for the s.-c. equation we get (h — JF)m®) 1 h)

J .
(@ _ €% sinh(BJE m®) + gh) {9)

{eZﬂJo sinh?(3JE)m®) + 3h) + e—2/3J0]

nl=
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An Effective Field Theory
Two Clear Examples
Our Method The Dual Phase Transition Scenario

The One Dimensional Chain
Stability Analysis

@ If we try to develop for h = 0 and small field we find that
the solution m(F) = 0 is stable if

20" BEYE) 4 (20)

@ and we find again a mean-field critical behavior with a
critical temperature given by

29 3 JB) — 1, or ezﬁéF)JOC/dM(J) tanh(8%)J) = 1.(21)

e If Jy > 0 = Eq. (21) has one and only one solution, but
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The One Dimensional Chain
Stability Analysis

@ If we try to develop for h = 0 and small field we find that
the solution m(F) = 0 is stable if

20" BEYE) 4 (20)

@ and we find again a mean-field critical behavior with a
critical temperature given by

29 3 JB) — 1, or ezﬁéF)JOC/dM(J) tanh(8%)J) = 1.(21)

e If Jy > 0 = Eq. (21) has one and only one solution, but
@ if Jy < 0 = Eqg. (21) has either no solution or two solutions!
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The One Dimensional Chain

More stable solutions: Stability analysis is not enough!

@ Actually, when Jy < 0, the situation is a bit more
complicated.

@ In fact, when Jy < 0, the self-consistent equation may
admit MORE different and STABLE solutions

@ = ltis not enough to study the stability of the solutions by
using the self-consistent equation; we need also their
effective free energy L[m(")]

@ Among all the stable solutions we select the leading
solution as the one that minimizes L.
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The One Dimensional Chain: numerical examples

@ Let’'s see some examples with the choice:

du(Ji)) </,
~an = 5 (dij—J). 22)

@ We plot (in black) the leading solution m(F),
@ we also plot (in red) the curve for the stability of m) =0

y = ey, (23)

@ and a similar curve (in green) for the stability of the leading
solution m(®)
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The One Dim. Chain, Jy =1, J=38/5,¢=0.5

One second-order phase transition

1 T T T T
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The One Dim. Chain, Jy=—-1,J=1,¢c=5

No phase transition

T — T T T T T T T T
= ® ]
T ]
T | stab. of m? and mP=0 l
1

08l ST E

06 /I \‘\\\ B
L ,’ \‘~_““‘

o4l |/ T
L ll

o2f / 4
07 / ! ! ! ! ! ! ! ! ! ]
0 1 2 3 4 5 6 7 8 9 10

T

for Models defined over Small-Wo
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The One Dim. Chain, Jy=-06,J=7,c=1.6

T,=2.185, two second-order phase transitions
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The One Dim. Chain, Jy= -05,J=1,c=6

T,=1.820, first- and second-order phase transition

stab. of m® b
-~ stab. of m=0
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The One Dimensional Chain, Jy = -1, J=1,¢=5.5

T,=3.641, two first-order phase transitions
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The Dual Phase Transition Scenario

Landau Analysis

@ By expanding L[m®)] in power of m() is possible to show
that the following scenario holds in general for any graph
(,CQ, ro) with any do'

e If Jy > 0 = for any ¢ we have one - and only one -
second-order phase transition with the mean-field classical
critical indices, but with a finite correlation length

o If Jy < 0 = there is some c.;, below which there is no
transition and over which we have at least two T,
corresponding to first- or second-order phase transitions,
depending on whether we have one or more stable
solutions = complex models with many solutions will likely
have many first-order phase transitions.
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Summary

@ We have seen that a very simple and general Effective
Field Theory is capable to deal with Loops!

@ If we can solve the Pure Model, analytically or numerically,
we get the solution of the Small-World Model

@ The power of this method has allowed us to discover a
very general and unexpected result: when J < 0 we have
Multicritical Points with First- and Second-Order Phase

Transitions.
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