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. Social interactions — often majority-driven
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. Social interaction networks are often modular (subgroups)
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. There 1s often a competition between different subgroups
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What 1s a fitness function for social
groups competition ?

Size ?

Density of internal connections ?

Strength of internal links ?

Distribution of links ?

How to measure 1t ?



Introduction

. We represent simplest social interactions with
Ising model on network
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Scale-free networks

What does the weighted spin mean, and why
welghted ?

local field created by the spin s,

k,=6 k,=2
$;+s,=0  no order ?

!



Temperature and
internetwork
interaction strength
have similar effect on
antiparallel-parallel
transition.

Networks become
unseparable at
internetwork density
equal to intranetwork
density.

STABLE STATES

Below T, : ferromagnetic states stable
Above T, : only paramagnetic

Paramagnetic

- both networks'
% — % spins fluctuate
around zero
TC + unseparable

Ferromagnetic
parallel

both networks ordered
with same spin

Ferromagnetic

antiparallel
both networks ordered
0 with opposite spins 0
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scale-free \ random | - - g
B-A 8. - Net A : B-A, Net B: E-R  [CREEN
~ N,=N_=100, E = 100
<k,>=20, various <k >

<kB>=20
— <kA>=20
— = <kA>=10
- <kA>=4
— network A
— network B

Scale free B-A network
wins a competition against,, |:
a random E-R graph




fluctuations

N <k>

150 [T | [ i
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Hense networ ]
»n () i
D
-100
large network
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Details Network with small “strength” suffers

large fluctuations — fluctuating networks

00 4 flip over first and therefore lose
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Network A (red) is CREEN
smaller, but denser.
Network B (green) 1s
larger, but sparse.

The internetwork
connections are added
with time

The network with larger
fluctuation loses
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Susceptibility —a measure how external field changes order parameter

o 39S order parameter
Susceptibility =4

04 interaction A

Fluctuation-dissipation theorem

oS,

T

= susceptibility ~ fluctuations = <(S ,-<S ,>)*

small fluctuations ==p WIN

because smaller fluctuations -> smaller susceptibility thus other network (with
larger susceptibility) changes spin faster
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Theory of coupled networks

System of two coupled networks (one larger
modular network)

kpp=5

K (h=3

AB_3



Coupled networks
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A B

S , - spin of network A weighted by k,, ( @

Sga - spin of network B weighted by k;, (@




Coupled networks

The state of the system can be written as vector:
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Coupled networks

If we assume that the number of inter-network connections i1s
proportional to the intra-network degree:

Kug = Dakaps Kpy = Ppkgg

then we do not have to consider S, and Sy, anymore
since they are proportional to S, and S;.

AAA ABA SA\ SA\
_AAB ABB_ SB/ SB/
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Coupled networks

We have following eigenvalues A of the matrix A:

_ Ayt Agt \/(AAA —Agp )2 +AN A g

A,
: 2
. 1 : 1
A_: eigenvector ( Cj A, : eigenvector (c j
| 2
The networks are ordered The networks are ordered
antiparalelly. T is lower than for paralelly. T 18 higher than for
separate networks. separate networks.
Increasing inter-network Networks stabilize each other,
connection strengths causes T similar to way the network
to decrease, down to 0, when the stabilizes itself.

inter-network connections are as
dense as intra-network.



N,=N_=100, <k,>=<k,>=20
E = 100 (number of inter-network connections) |ICREEN
< There are different scenarios by the same networks but
— ifferent internetwork connections
preferential-preferentia

]_ ............... ~ T T | T | T
i — preferential-preferential )
— — random-preferential
- hub-preferential
0.5 — network A —
network B
) @ 0
random-preferentia
05
1 L i
0 5 10 15 20 25 30

hub-preferential



Q)
Na=Ng=100 =
<k ,>=20

<kB>= 18 network B 1s “weaker”

s(T)
3—few connections many connections
1 1
_ ) I T (T00) T
. 05 0.5 ‘N\
single ! !
simulation °[ I
0.5+ 05
Nec Hercules Al AL
contra plures ! ° °
1 1
05 05
averaged | I
(100) °F T
0.5 05
1 I -1 _
0 0
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Conclusions

Competition of two social groups can bring a discontinous change
in their opinions as a function of intergroup conenctions or nosie
level

Larger group 1s not always a winner !
Density and distribution of internal links is also important
Winner can depend on the choice of group-group interactions

Observation of proper fluctuations before the competition can be
a useful indicator.
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The simplest confrontation: chain and
star
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Statistical physics of a star
network

Zow= Y exp(~fE,)= 22( Jexp(BTk) exp[—fBT (N — k)]

So.18; 1=—1,1

Z =.=2 "+ =7

star cham



Star network 1n homogenous external gREEN
magnetic field

N N 4_:
Hstar — _JSOZSL _BZ Si
=1 i=0 %

<S0Si> = tanh(5J) <Sjsi> = tanh” (A7)
o(S) _ <&
Ko =5 = PACEAE Bl(N +1)+ 2N tanh(B7) + N(N = 1) tanh(B))]
X ! N = NBtanh® (/) Xenain ! N = Bexp(2T)

/
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Conclusions

Larger group 1s not always a winner !

Density and distribution of internal links 1s also
important

Winner can depend on the choice of group-group
interactions

Observation of proper fluctuations before the
competition can be a useful indicator.



0.5

o5

First order phase transition in Ising modelgﬁg
on two connected Barabasi-Albert
networks
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Curve of
susceptibility
balance between
spin chain and
spin star
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The simplest confrontation: chain an
star
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Statistical physics of a star
network

Zow= Y exp(~fE,)= 22( Jexp(BTk) exp[—fBT (N — k)]

So.18; 1=—1,1

Z =.=2 "+ =7

star cham



Star network 1n homogenous external gREEN
magnetic field

N N 4_:
Hstar — _JSOZSL _BZ Si
=1 i=0 %

<S0Si> = tanh(5J) <Sjsi> = tanh” (A7)
o(S) _ <&
Ko =5 = PACEAE Bl(N +1)+ 2N tanh(B7) + N(N = 1) tanh(B))]
Xswr ! N = NBtanh® (/) Xenain ! N = Bexp(2T)
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Statistical Physics of Hamiltonain
Graphs

S=—> P(G)In P(G). (1)
G
subject to the constraints
(x) = 2 x(G)P(G) )
G
for i=1.2.....r, plus the normalization condition
> P(G)=1. (3)
G

T'he Ll"l‘-’l'ﬂﬂﬁifln for the above problem 1s ‘.-Ii'\-"ﬁl'l h"r" the ex-
[ - i -
pression

L=-> P(G)nP(G)+ a(l - P{G)x) (4)
[ & ;

+ 2 6((x) - Sx(GP(G) ). (5)
=1\ G :
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F_H (G)

Z

P(G) = (6)

where H(G) is the network Hamiltonian

H(m:El 0:x4(G). (7)

and Z represents the partition function (normalization con-
stant)

Z = HO) = patl (8)
iz
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Fluctuation-dissipation relations for
Hamiltonian graphs

KX;)
2 \2 - 0
(X;*)—(«’Cf) = - _(96; =X;(* )

N2 9B
(E”) = (E)" = ﬁﬁ—kTCv

oKk;)
~ | =<k?>—<k5>2=2pg(1 _pfj)=<kf>_2p52j
J J

7
X" =

0
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Fluctuation-dissipation relations for

Hamiltonian stars %

L Kk) (N={(kY) (k) <k*>=N

= — =] — —_ 5
ATy N(N=1) N

for the bulk of nodes and

LA D
Ty 000 T

for the supernode.
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. K. Suchecki, Janusz A. Hotyst , Ising model on
two connected Barabasi-Albert networks, PHY S
REV E74; 011122 Part 1 JUL 2006

. A. Fronczak, P. Fronczak, Janusz A. Holyst ,

Fluctuation-dissipation relations in complex
networks, Phys. Rev. E 73 016108, JAN 2006
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3 6gélnopolskie Sympozjum

Fizyka w Ekonomii i Naukach Spotecznych

welcome

Japraszamy do uczestnictwa w 3 Ogalnopolskim Sympozjum FERNS 2007 poswigcanym
zastosowaniom metod 1 metodalogin fizyki w szeroko rozumiane] ekonomi, inzynier finansowe], a
takze w naukach spotecznych.

Masze Sympozjum jest kontynuac)g poprzednich kaonferenc)i w “Warszawie (20047 1 Krakowie
(20057, ktarych materiaty opublikowane zostaty w Acta Physica Folonica B
odpoviednio w sierpriowyrm 2004 (1 Sympozjum) i listopadowym 20068 (2 Sympozjum) numerze.

Celem Sympozjum jest:

1. Spotkanie fizykow, ktarych tematyka badawcza obejmuje rawniez obszary nauk
ekonaomicznych | spotecznych.

2. Spotkanie fizykdw z matematykami, ekonaomistami, socjolagami zainteresowanymi
wspotpracy naukows oraz z praktykami finansdw 1| biznesu (przedstawicielami bankdw,
instytuc) ubezpieczeniowych, firm komputerowych, gietdy, etc.).

3. Dwyskusja nad praoblemarmi | potrzebami ksztatcenia studentdw oraz doktorantdw w zakresie
ekano- | socjofizyki.

http://www.science24.com/event/fens2007/
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Scaling and Universality in Proportional Elections

Santo Fortunato! and Claudio Castellano®
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o ltaly 1972
ltaly 1987

4 Poland 2005
* Finland 2003
107+ — Lognormal fit

® Model A

F(vQ/N)
o
|
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10° 10 10 10° 10’ 10°
vQ/N

FIG. 2 (color online). Universality of the scaling function
F(vQ/N) across different countries and years. The lognormal
fit, performed on the Polish curve, describes very well the data.
The universal curve is well reproduced by our model, where the
dynamics of the voters” opinions reflects the spreading of the
word of mouth 1n the party’s electorate.

. ~ candidate

FIG. 3 (color online). Spreading of the word of mouth among
voters. The candidate (right) convinces some of his or her
contacts to vote for him/her. The convinced voters become
“activists” and try to convince some of their acquaintances,
and so on. Successful interactions are indicated by solid lines,
unsuccessful interactions are displayed as dashed lines.
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Regular networks

Hamiltonian for the Ising model, assuming the interaction
constant 1s same for all pairs of spins.

H = —JZ S;S
L]

Equation for mean spin (magnetization) in the mean-field
approximation:

(s,) = tanh ,BZ JS: | = tanh(ﬂ]k<sl.>)

k - coordination number (number of neighbors)
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Scale-free networks
(5,)= tanh[ﬂz Jl.jsj] = tanh(,ﬁjz €Zj<sj>J

Instead of coincidence matrix €; we take the statistical probability
of the spins being neighbors:

Kk, kk
(&) ="¢ :<k>zj\7

We obtain following

o) i)
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Scale-free networks

)

Now we define average weighted spin S as:
— 1
S =ow Zki<si>
l

SO we can write above as

S = WZ@ tanh (B7k S )
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Scale-free networks

S = WZki tanh (B7k .S )

Linear approximation
k 2
2.k ()
S

S Wzk" BIS = B <ik>NS=ﬁJ B

B-A network

k2
,BJ< >S:,Bj%lnNS —— T =J2InN

(k)
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Effective temperature, m=5, =500, as a function of the number of nodes in the network
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ELSEVIER Physica A 310 (2002) 260-266
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Effective Tc versus m+ N for
m = 5 and various N,
averaged over up to 1000
samples.
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Ferromagnetic phase transition in
Barabasi—Albert networks

Agata Aleksiejuk™*, Janusz A. Holyst®, Dietrich Stauffer”

A Facultv of Phvsics. Warsaw Uriversitv of Technoloav. Koszvkowa 75, PL-00-662 Warsaw. Poland
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Coupled networks

Using linear approximation we investigate existence of
nonzero solutions, that correspond to an ordered phase.

kaj(Saj kpaj\ SBj
<SAi> = IBJAAkAAiZ o F BT kK g ;:iA J
=t b
kBj S Bj kABj S Aj
<SBi> = P pgk g, B BT 45k pa E.
J J
Similar to single scale-free network we introduce weighted spins S , ,
Sg.Unfortunately we also need S, and S,




Numerical results
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Numerical simulations for two same B-A (N=5000, <k>=10,
D=0) and various number of inter-network connections:

25 ! T T T T
L A 1 T., ,parallel ordering,
_ A ] T =A+C
R c+
23t o o :
| A o T
——————————— O
=2 T - bol .
S o Symbols - numeric
Q21 T S y results
20 O T : . .
_ o T _ Lines - analytic
19} o .\— formulas
18 -

e

Inter-network link number

! | ! | ! | ! |
0 1000 2000 3000 4000 50 ,
Eas T.. ,antiparallel

ordering, T _=A-C



Numeric results

We have performed numeric simulations to find the critical
temperatures T_, and T _.

04— — .
‘ Tc+
0.3 :_.O. x x —
"y W Wi
= Bt | % |
A02F ml * | d:hq& -
99] % x ,F x
v : q.‘ X X
- S, \ nb%ﬂﬂ’”hnn%
C ... * T Xyx ezl x
0.1F . i E
C .o,
o'..... g
®_ gx xx .
I IR S IS SR T. .%O.M
015 20 25

To find the critical temperature T_, we calculate numerically the

susceptibility ¥=S,-S,. Due to very highly tluctuating nature we
make 30-point running average and fit parabolic curve.



T
. \ = 5N
Sl N
_He %)
ST R w:
> o
U Frame

Numeric results

We have performed numeric simulations to find the critical
temperatures T_, and T _.
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Plot the total spin starting from antiparallel ordered state as a
function of temperature.



