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« What exactly 1s voter model ?

« How it behaves in regular lattices ?

« Fractal lattices: Sierpinski Gasket and Carpet
« The results

« And what can we conclude from them
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Voter model
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An extremely simple model of opinion formation.

Nodes in a network — agents. Each agent i has binary opinion o,

O =|=1 Asynchronous dynamics :
I We choose the node to
‘ — | =+1 update at random.

1 time step = N node updates

Rule: Assume state of one of (N-network size)

neighbors (random choice)
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Voter model
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Voter model has several general properties:

An example of voter dynamics on 2D square lattice

“Critical Coarsening without Surface Tension: The Universality Class of the Voter Model”, Ivan
Dornic, Hugues Chaté, Jérome Chave, and Haye Hinrichsen, Phys. Rev. Lett. 87, 045701 (2001

e

No temperature-type
noise : “‘white” noise
cannot appear inside
“pblack” domain

Conservation of spin:
the “black™ domain size
doesn’t shrink or grow

in thermodynamic limit

No surface tension:
the curvature of
surface doesn’t
determine how it
changes
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Voter model

Dynamics

Ordering /\ Disorder

The system coarsens, creating The system 1s in disordered state,
large domains of same state without any large domains and
minimal correlation lengths
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Interfaces - inks 1o rface density: | Number of
between nodes 1n / directed interfaces

different state. ZN: 3 l-0,0;
2

A measure of _i=l jeKk;
system order.

N
Z k i \ Number of total

i=1 directed links
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Voter model 1n regular lattices
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Dynamics depend on network dimensionality.

1D 2D 3+D

Ordering Critical Ordering Disorder

St The system never
o D LR el A ol orders, remaining
-t 2 S o in disordered state

“Critical Coarsening without Surface Tension: The

Universality Class of the Voter Model”, Ivan Dornic,

Hugues Chaté, Jérdme Chave, and Haye Hinrichsen,

Phys. Rev. Lett. 87, 045701 (2001} pP ~ const.

p ~ (logr)™

Red forumlas for interface density are large time limit analytic calculations
by Frachenbourg and Krapivsky.

L.Frachenbourg, P.L.Krapivsky, "Exact results for kinetics of catalytic reactions"”, Phys. Rev. E 53, 3009 (1996}
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Voter model 1n regular lattices

Dynamics depend on network dimensionality.

1D 2D 3+D

1
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P 1 hd P hd hd 1 N\ 1 hd ™ °

Fluctuations in finite systems always cause ordering of the system, with
exponential decay of number of interfaces when the statistics include large
amount of networks. The characteristic time of decay depends on the
network size.
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“Critical Coarsening without Surface Tension: The
Universality Class of the Voter Model”, Ivan Dornic,

Hugues Chaté, Jérdme Chave, and Haye Hinrichsen,
Phys. Rev. Lett. 87, 045701 (2001} pP ~ COnst.

p ~ (logr)™

Red forumlas for interface density are large time limit analytic calculations
by Frachenbourg and Krapivsky.

L.Frachenbourg, P.L.Krapivsky, "Exact results for kinetics of catalytic reactions"”, Phys. Rev. E 53, 3009 (1996}
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The Question

Ordering Critical Disorder

— p ~ (logt)”

How the voter model approaches the critical point ?

Does it behave differently on fractals than on regular lattices ?
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Sierpinski fractals
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Sierpinski carpet
Basic fractal pattern | Fractal dimension D =1n8/In3 =1.893

[ didind 000000000000 /0,006/00,0/006,060,0,6/006/0
; st 2l L B LR EL S -
By I¢¢I :¢¢: o Hl her steps O
I o] [e[e] (e[| [e[e] [e]e] [e]e] (e[| [e]e| e[0] |®
Sieje ka ole[e[e[e]e[o[e[ee]oe[ele]oolo[eo/0[e]0]0]0]0]
oee oo slolejole[e[el0le soo/e/o/e/0/0/e
se _osel  Swiseleisiesie Sisisisislelsisis Ramification:
Jqeee ::‘: olele olele (30 olele .
L1LImC o o o o o o o o
- el e nmlels
10101 0] @]
ol lo]e] (oo (o ol loje] (oo o the number of
Networks obtained in ‘::::::::&e&fe&#e&iziiziizb .

. LESLEAR R comnectiom xou
pr €V10US Step arc arr anged :‘: :#::t: :t::t: :4: must cut in Order to
0 e 0 olele 000 e[ojeleloe 300 : :
1nto basic pattern creatin ssleeisielolelos/sloeislsloelo/eloleloeole]

p g sisielslelslelsiclelsielslslolslsiololslelsle separate arbitrarily
olojolo(eo]ololoeoo/0o/eo|elo(0o|eololeo|o0o/eoleloielefele

next step fractal network. large part of infinite

3rd step of network.
fractal creation

The number of links to cut goes to infinity - Ramification R = +oo
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Sierpinski fractals
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Sierpinski gasket
Fractal dimension D =In3/In2 =1.585

Higher steps of
A é’ A
A D

ractals creation
Similarly, the network in next
step consists of networks of
given step arranged into basic
pattern.

4th step of fractal creation

The number of links 1s constant - Ramification R = 4
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Sierpinski fractals
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Generalized Sierpinski carpet

The model of sierpinski carpet can be easily generalized for any square
basic pattern...

Allowing various fractal dimensions... ...or finite ramification

[oe[e]o[e]o[e]e]0o[e]e]0]0[0]0]0 olololeleloole]ele
I I ) slole| [slele| [ofe:
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(0. N0 00000000ON0 -
ole] ole] slefeli folelatalel®:
Qpc Qe olele[ [[olele| [ofe!
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(3000 000
o] o [3La 910]01910[0l0]
o e o e olole| [sleie| |eiele
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ole[o/e/o[e[o[e[e[c]ele]elo0]e slefele
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. . 1o —
Fractal dimensionD =1n12/1n4 =1.792| @ amification R = 4
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Results

Evolution of interface density in time - the system orders, as expected
below critical dimensionality.

Sierpinski carpet fractals with various fractal dimensions. The system orders
similarly to one-dimensional regular lattice, but with different exponent.

Buveragedintecface density evolation for different hebw ork s
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O 5C lewel 5, pattern 2,D=1593  E infinite []
O 50 leveld, pattern 4 ,D=1.79%2 K infinite H
e 50 lewrel 3, pattern 5,D=1.723 R infinite []
£ 50 lewel 3, pattern 6,0 =1.672 R infinite []
7 S0 lewel 3, pattern 2,0 =1602 K infinite H
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Voter model works just like 1n regular
- 7] lattice but with fractional dimension

D i
s
o,

. All sierpinski carpets here have
" R | L | Lo . 3 5 o [~ .
e | infinite ramification
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Results

Sierpinski carpets with finite ramification. The dynamics in that case may
appear to be the same, but the presence of oscillations reveals different
ordering mechanism.
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a 80 lewel3, pattern G,Dil.szp,Risf ; EXpOnential decay -
ordering of given scale
structures due to finite size
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Results

Ordering exponent dependence on fractal dimension. The paper by
Frachenbourg and Krapivsky gives analytic solutions for the ordering
processes. Despite being calculated for square lattices, the final results are
given for D<2, D=2 and D>2. For D<2, the result 1s following
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,0 - t_1+D/2

L.Frachenbourg, P.L.Krapivsky, "Exact results for kinetics of catalytic reactions"”, Phys. Rev. E 53, 3009 (1996}

We check if this solution holds true for fractional dimensions.

0.5 T T T T T T T

ol s ] The possible reason for disparity is the
Frele o fact that all our fractal lattices were of
S 1—D/2 ? [“ ~— course finite, as well as simulation time.

The analytic results by Krapivsky are
exact for infinite lattice and time.
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Results
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Infinite ramification: the exponent
approaches theoretical value as
fractal size increases — possible

agreement

fractal level

Finite ramification: the
exponent 1s different
consistently
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Conclusions

« The voter model dynamics in fractal lattices are
similar to regular lattices provided the
ramification 1s infinite

« For fractals with finite ramification, the ordering
mechanism 1s completely different, displaying
log-periodic behaviour

« The analytic solutions for regular lattices cannot
be extended to fractal lattices and still produce
accurate results



