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• Individuals within a human population, spreading  
infection;

• Computers linked in the internet or worldwide web;

• Neurons linked by synapses in the brain;
• Signalling among sub-units in mammalian cells;

• Terrorists communicating within their organisation;
• Species interacting with a food web

ALL ARE EXAMPLES OF DYNAMICAL SYSTEMS, 
WHOSE PROPERTIES DEPEND ON THE 

NETWORK’S STRUCTURE





OUTLINE

1. Infectious disease dynamics and 
contact networks

2. Different kinds of networks:
“degree distributions”

3. Other applications: IT; financial markets 
4. Some caveats 
5. What next: combining network topology with 

interaction strengths

[R.M.M. Tree, 21, 394-399 (2006) and 
Nature, 451, 893-895 (2008)]



“The time has come to close the 
book on infectious diseases”

W.H. Stewart
U.S. Surgeon General, 1967



First HIV/AIDS
then (in the UK)

Foot-and-Mouth disease on farms, 
then SARS in 2002-2003
CHANGED ALL THAT!



BASIC REPRODUCTION NUMBER, R0,
FOR AN INFECTIOUS AGENT 

Is the (average) number of secondary 
infections produced by an infected individual 

in a wholly susceptible population







What fraction, P ,of a population must 
be successfully vaccinated, to eradicate 
infection?

Suppose vaccinate fraction P, leaving 
1- P susceptible.  Then (as a first 
approximation), 
R0 is reduced to: R*

0 = R0 (1-P)



Critical fraction, Pc , such that the infection 
cannot be maintained is given by
R*

0 < 1 (i.e. R0 (1-Pc ) = 1). Hence

Pc = 1 – 1/R0







For Gonorrhoea in the USA in the 1970s, Jim 
Yorke and Herb Hethcote estimated the average 
parameters    , D and c.  

They found R0 significantly less than 1.  

But there was clearly a growing epidemic, 

with R0 > 1.

What was wrong with their calculation?

b



Yorke and Hethcote observed that there was 
much heterogeneity of sexual behaviour 
within the population.

Roughly , they divided the population into 
“superspreaders” (whose average “c” gave 
R0>>1 within this group), and “others” (with 
small average “c”, and R0<<1 within this 
group).



So… look at models with heterogeneity in the 
distribution of rates of acquiring sexual 
partners:

� (i) = fraction of population with i
new partners, per unit time











An important theorem with wide 
applications:

Define  P*c as the critical vaccination fraction (to 
eradicate infection), IF THE INHOMOGENOUS 
POPULATION IS TREATED (incorrectly) AS 
HOMOGENEOUS

Then …



FOR AN INHOMOGENEOUS SITUATION

Pc     random   >  P*
c > Pc optimal, targeted

THINGS ARE WORSE THINGS ARE BETTER
THAN ESTIMATED THAN ESTIMATED
IF YOU VACCINATE IF YOU TAKE ADVANTAGE
AT RANDOM OF THE HETEROGENEITY

THE EFFECTS ARE BIGGEST WHEN VARIABLITY IS LARGE

vacc.(   ) vacc.(   )



“Degree Distribution”

Network with N nodes

P(i) = fraction of nodes which 
have exactly i links to 
other nodes



KINDS OF NETWORKS: I

Randomly connected (Poisson distribution)

• mean number of connections per node = m
• (cv)2 = 1/m



KINDS OF NETWORKS: II

Exponential (or Geometric) distribution: 
often observed in social networks, and the 
basis of “small worlds” and “six degrees of 
separation”
• mean number of links = m
• (cv)2 = (1+m)/m



KINDS OF NETWORKS: III

Negative Binomial: P(i) given by 
� P(i) si =  [1+m(1-s)/k]-k

Here k is a “clumping parameter”
• mean number of links = m
• (cv)2 = 1/m + (1/k)

NOTE: k=1 gives I, k� � gives II



KINDS OF NETWORKS: IV

“Scale-free” or power law

log of 
number of 
nodes, � (i)
with i
connections

log (connections, i )

i� (i) = (constant) 
g



is some constant, usually 3 >    > 2

Note that for      < 3, (CV)2 

This implies R0 , even for arbitrarily small 
values of m,    , D.  However, in this extreme case, 
relatively few people are infected (there is much 
misunderstanding of all this in some recent “scale-
free” literature on epidemics, published in physics 
journals).
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If the network is assembled by connections to 
new nodes with probability p, and to existing 
nodes (overall probability 1 – p) with relative 
probability proportional to their connectivity i, 
then asymptotically we have a scale-free 
distribution, with 

g = (2 – p) / (1 – p)







FOR AN INHOMOGENEOUS SITUATION

Pc     random   >   P*
c   > Pc optimal, targeted

THINGS ARE WORSE THINGS ARE BETTER
THAN ESTIMATED THAN ESTIMATED
IF YOU VACCINATE IF YOU TAKE ADVANTAGE
AT RANDOM OF THE HETEROGENEITY

THE EFFECTS ARE BIGGEST WHEN VARIABLITY IS LARGE

vacc.(   ) vacc.(   )



Attacks on different kinds of IT 
networks

can destroysome damagetargetted attack

little effectsome damagerandom attack

scale-free webrandom web

Same Effect



THE “NO THRESHOLD” FALLACY: I

Pastor-Satorras & Vespignani noted, from 
computer simulations, that if the 
epidemiological contact network is SF, 
then R0 > 1, NO MATTER HOW SMALL �
(transmission probability).

Barabasi highlighted this in Linked: The New 
Science of Networks, emphasising that for 
HIV/AIDS the contact network appears to 
be SF, hence no threshold , and therefore 
the HIV/AIDS pandemic may be 
uncontrollable.



THE “NO THRESHOLD” FALLACY: II

(1)  Why “no threshold”?
For P(i) ~ 1/i� with 3 � � >2,

< i2 > � � in an infinite population

(2) Remember, correctly calculated,
R0 = � 0 [ 1+ (CV)2 ]

So, R0 � � in this case.



THE “NO THRESHOLD” FALLACY: III

BUT
(a)  Properly analysed, contact networks 

are not SF.  Better described as 
exponential.

(b)  Even if they were SF, in a finite 
population R0 is finite
[ for � = 3, R0 ~ � 0 (ln N) ],
and a threshold is restored.



THE “NO THRESHOLD” FALLACY: IV

Most important, even for SF contact 
network in an effectively infinite population

(that is R0� � ), the fraction infected, I, 
is very small: for small �

I ~ exp (-- 2 / � 0 )



0 1 2 3 4 5
0.0

0.2

0.4

0.6

0.8

1.0

r
o

I



THE US FEDWIRE SYSTEM

A recent NAS/FRBNY report on “systemic 
risk” studied the topology of the Fedwire 
system (which involves 9,500 banks and 
flows of around $1.2 trillion daily); this 
study involved 700,000 transactions.







ONE TENTATIVE CONCLUSION

Heterogeneous investment strategies 
might help stabilize by reducing “herd 
effects” (whilst excessive regulation might 
perversely have the unintended 
consequence of promoting a destabilizing 
uniformity).



Caveats, I

Very often, particularly interactions among 
component entities in a cell, we have 
information only about a sub-sample of the 
full network.

The full network’s degree distribution is the 
same as the sub-net if, and only if, P(i) is 
binomial ( + or – )
[Stumpf et al, 2005]



Illustration of how subnet and network are related



E.coli protein interaction network



Caveats, II

Many, and maybe most, alleged SF 
networks are better fit by exponential or 
other less fat-tailed degree distributions



Illustration of how different models describe the e mpirical degree 
distribution in S. cerevisiae



Caveats, III

Degree distributions, by themselves, do 
NOT uniquely specify the full structure of a 
network





Caveats, IV

More generally, and importantly, many 
(most?) interesting – and practically 
relevant – questions about a network’s 
response to perturbation depend not only 
on its topology, but also on the individual 
interaction strengths



NETWORKS & INTERACTION STRENGTHS, A

Consider a community of N species, each 
with intraspecific mechanisms which, in 
isolation, would stabilize perturbations.  
Now let there be a randomly constructed 
network of interactions among these N 
species (with a mean number, m, of links 
per species, and each interaction, 
independently randomly, being + or – and 
with average magnitude � compared with 
the intraspecific effects)



NETWORKS & INTERACTION STRENGTHS, B

The overall stability of such a “randomly 
constructed” assembly explicitly depends
both on the network’s connectance 
(number of links/number of possible links 
per species; C = m/N ), and on the 
average interaction strength � .  For large 
N, the system is stable if, and only if, 

m � 2 < 1



NETWORKS & INTERACTION STRENGTHS, C

Real food webs are, of course, not 
“randomly assembled” networks, but are 
the winnowed products of evolutionary 
processes.  
Recent work in this area defies any simple 
summary.  But one recent juxtaposition of 
empirical observation and theory is 
illustrative and interesting.



NETWORKS & INTERACTION STRENGTHS, D

Kuris et al., in a study of three estuarine 
ecosystems, which – seminally – included 
parasites (whom biomass exceeded that of top 
predators), found a preponderance of predator-
prey interactions in these networks.  This 
coincides with a recent computer study by 
Allesina and Pascuale of some 10,000 randomly 
assembled foodwebs, which found those with a 
disproportionate fraction of predator-prey
interactions were significantly more likely to be 
stable (all eigenvalues of the system in the left-
half plane).  Analytic results on greatly 
oversimplified toy models give some intuitive 
insights into these results.  
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